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Quantifying entanglement in composite systems is a fundamental challenge, yet exact results are
available in only a few special cases. This is because hard optimization problems are routinely involved,
such as finding the convex decomposition of a mixed state with the minimal average pure-state
entanglement, the so-called convex roof. We show that under certain conditions such a problem becomes
trivial. Precisely, we prove by a geometric argument that polynomial entanglement measures of degree 2
are independent of the choice of pure-state decomposition of a mixed state, when the latter has only one
pure unentangled state in its range. This allows for the analytical evaluation of convex roof extended
entanglement measures in classes of rank-2 states obeying such a condition. We give explicit examples for
the square root of the three-tangle in three-qubit states, and we show that several representative classes
of four-qubit pure states have marginals that enjoy this property.
DOI: 10.1103/PhysRevLett.116.070504

Entanglement is an emblem of quantum mechanics and
the most important component for a broad spectrum of
quantum technologies [1,2]. The more that a quantum state
is entangled, the better it will perform in an information
processing and communication task, compared to any
unentangled state [3–5]. Quantifying entanglement exactly
is therefore a significative requirement for developing a
rigorous assessment of nonclassical enhancements in realistic applications [6]. With the advent of quantum information theory in the last two decades, a sound machinery
has been developed for the characterization and quantification of entanglement as a resource [1,3,6–8].
An entanglement measure EðjψiÞ defined on pure
quantum states jψi is a positive real function which is 0
if and only if jψi is separable. Additionally, every such
measure has to be an entanglement monotone, that is, it
cannot increase on average under local operations and
classical communication (LOCC) [7]. One of the difficulties of quantifying entanglement lies in the fact that
entanglement measures as defined above do not typically
admit an easy way to extend their scope to all mixed
quantum states. The convex roof of a measure of entanglement EðjψiÞ is obtained by finding the largest convex
function on the set of mixed states which corresponds to E
on pure states [9,10]. One can use this construction to
define the extension of an entanglement measure E to
mixed states ρ as
X
EðρÞ ¼ min
pi Eðjψ i iÞ;
ð1Þ
fpi ;jψ i ig

i

where the minimization
is performed over all sets
P
fpi ; jψ i ig such that i pi jψ i ihψ i j ¼ ρ, that is, all convex
decompositions
of ρ into pure states, with normalized
P
weights i pi ¼ 1. With this definition, E is guaranteed
to remain an entanglement monotone over mixed states as
0031-9007=16=116(7)=070504(5)

well [11]. It is, however, a formidable problem to find the
optimal decomposition in Eq. (1), and hence to obtain an
analytical form for EðρÞ in general [12–14]. Notable cases
in which this has been accomplished include the evaluation
of the entanglement of formation in all two-qubit states
(in terms of concurrence) [15,16], in highly symmetric twoqudit states [17], and in symmetric two-mode Gaussian states
[18], as well as the computation of the three-tangle [19]
in particular families of three-qubit mixed states [20–25].
A particularly useful class of functions to consider for
entanglement quantification are the polynomial invariants,
that is, polynomial functions in the coefficients of a pure
state jψi which are invariant under stochastic LOCC
(SLOCC). For a system of m qudits, a polynomial invariant
of homogeneous degree h is therefore a function P which
satisfies
PðκLjψiÞ ¼ κ h PðjψiÞ;

ð2Þ

for a constant κ > 0 and an invertible linear operator L ∈
SLðd; CÞ⊗m representing the SLOCC transformation [26].
The absolute value of any such polynomial with h ≤ 4
defines, in fact, an entanglement monotone [27,28]. Two
common monotones, the concurrence for two qubits [15]
and the three-tangle for three [19], are obtained in this
way. Out of all possible homogeneous degrees h, degree 2
is of particular significance, as only then does the SLOCC
invariance of a polynomial entanglement measure EðjψiÞ
extend to its convex roof EðρÞ [24].
One can relate the properties of entanglement measures
with the geometric representation of quantum states on a
hypersphere (a generalization of the Bloch sphere) by
considering the so-called zero polytope [20,29]. For a
given state ρ and an entanglement measure E, it is defined
as the convex hull of all pure states (spanned by the
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eigenvectors of ρ) with vanishing E. Since entanglement
vanishes for any convex mixture of such states but will
never vanish for a state lying outside of the convex hull, the
zero polytope gives a useful visual representation of the
region of the hypersphere with zero entanglement. Various
methods for constructing bounds to polynomial entanglement measures in mixed states rely on finding states within
the zero polytope and using them to form suitable convex
combinations with states outside of it [30–32].
In this Letter, we analyze the particular situation when
the zero polytope for a given state ρ is reduced to a single
point, that is, when there is only one state in the range of ρ
with vanishing entanglement. Our investigation is naturally
specialized to rank-2 states ρ, which admit an intuitive
geometrical representation on a Bloch sphere and represent ideal test beds for analyzing structural properties of
multipartite entanglement in mixed states. We show that,
when the zero polytope reduces to a point, any polynomial
entanglement measure of degree 2 simply corresponds to a
measure of distance on the Bloch sphere. This property in
turn renders the value of the measure independent of the
decomposition of ρ into pure states. Therefore, the convex
roof extension of the entanglement measure for ρ becomes
trivial and can be evaluated analytically in any decomposition, e.g., in the spectral one.
Although geometric methods have long been known to
be valuable tools in quantum information theory [33], this
surprising result relies only on classical Euclidean geometry,
which does find use in the study of quantum correlations
[34,35], but whose specific application to entanglement
quantification has gone seemingly unnoticed so far.
We begin with the formal definition of the zero polytope.
Given a state ρ of rank η and an entanglement measure
EðjψiÞ, which is the absolute value of a polynomial of
degree h in the coefficients of the pure state jψi, we can
write the equation
X

η−1
E
ωj jϕj i ¼ 0;
ð3Þ
j¼0

where ωj represents complex coefficients and jϕj i the
eigenvectors of ρ. The zero polytope is then defined to be
the convex hull of all pure states which satisfy the above
equation [29].
Noting that the expression in Eq. (3) is in fact a
polynomial of degree h in the coefficients ωj , we are
interested in the case when the polynomial has a unique
root in ωj , that is, there is only one such state jzi defined as
a linear combination of the eigenvectors fjϕj ig such that
EðjziÞ vanishes. States ρ for which this happens will be
labeled one-root states (shorthand for “one root to rule
them all”). Since multivariate complex polynomials have
uncountably infinite sets of solutions and there is no
straightforward method to investigate their roots [29],
our analysis is limited to η ¼ 2. In this case we can
represent the rank-2 state ρ as a point (or Bloch vector)
r ∈ R3 in the standard Bloch sphere, with polar points

corresponding to the eigenvectors jϕ0 i and jϕ1 i of ρ;
see Fig. 1. We then get that, up to normalization, the root
state can be written as jzi ¼ jϕ0 i þ zjϕ1 i [assuming
Eðjϕ1 iÞ ≠ 0] for some z ∈ C, while for any pure state
jωi ¼ jϕ0 i þ ωjϕ1 i, one has
Eðjϕ0 i þ ωjϕ1 iÞ ¼ Njω − zjh ;

ð4Þ

where N is a normalization factor. We note that for h ¼ 2
this expression is proportional to the squared Euclidean
distance ∥ω − z∥2 between the Bloch vectors associated
with jωi and jzi. This interpretation of the entanglement
measure as a de facto measure of distance allows us to
employ the geometrical properties of Euclidean spaces to
investigate the behavior of E—which from now on will
precisely denote a polynomial entanglement measure of
degree 2—on an arbitrary mixed state ρ with Bloch vector r
inside the sphere. We are thus ready to present our central
result, which establishes a geometric relation for E across
all possible decompositions of ρ.
Theorem 1.—Consider an n-sphere with radius R and
center located at o. We will indicate by fλi ; pi g a finite
set of points pi ∈ Rnþ1 on the P
sphere with corresponding
weights λi , normalized so that i λi ¼ 1. Let us choose a
particular point z on the sphere and denote by fαi ; ai g a set
such that all points fai g are equidistant from z, that is,
∥z − ai ∥ ¼ ∥z − ak ∥ ∀ i; k, according to the standard
Euclidean distance. Let g denote
P the barycenter of the
family of points, that is, g ¼ i αi ai . Then, for any other
set of points fβj ; bj g which lie on the same sphere and
share the same barycenter g, the following holds:
X
βj ∥z − bj ∥2 ¼ ∥z − al ∥2 ; ∀ al ∈ fai g: ð5Þ
j

Proof of Theorem 1.—Apollonius’s formula [36] says that
for any set of points fαi ; ai g with barycenter
g and any
P
chosen pointPz ∈ Rnþ1 , we can write
α
∥z
− ai ∥2 ¼
i
i
2
2
∥z − g∥ þ i αi ∥g − ai ∥ , but since we chose fαi ; ai g
to be equidistant from z, we get
X
∥z − g∥2 ¼ ∥z − al ∥2 −
αi ∥g − ai ∥2
ð6Þ
i

for any chosen al . Applying the same formula to any other set
of points fβj ; bj g with the same barycenter g gives
X
X
βj ∥z − bj ∥2 ¼ ∥z − g∥2 þ
βj ∥g − bj ∥2
j

j

X
¼ ∥z − al ∥2 −
αi ∥g − ai ∥2
i

X
þ
βj ∥g − bj ∥2 ;

ð7Þ

j

by Eq. (6). Since the points fαi ; ai g lie on the n-sphere, we
get R2 ¼ ∥ai − o∥2 ¼ ∥ai ∥2 − 2ai · o þ ∥o∥2 for each ai ,
where the · denotes the standard Euclidean inner product. We
can average over
P this expression
Pwith the weights fαi g to
obtain R2 ¼ ð i αi ∥ai ∥2 Þ − 2ð i αi ai Þ · o þ ∥o∥2 , that is,
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P
2
2
2
i αi ∥ai ∥ ¼ R þ 2g · o − ∥o∥ . Since the points fβj ; bj g
lie on the same n-sphere
the same barycenter g, we
P and shareP
can conclude that i αi ∥ai ∥2 ¼ j βj ∥bj ∥2 , and therefore
P
P
2
2
i αi ∥g − ai ∥ ¼
j βj ∥g − bj ∥ . Using this in Eq. (7)
gives the final result announced in Eq. (5).
▪
Theorem 1 implies that, for every one-root state ρ with
Bloch vector r (identifying r with the barycenter g in the
statement of the theorem), any polynomial entanglement
measure E of degree 2 has the same value irrespective of the
chosen decomposition of ρ into a set of ν ≥ 2 pure states.
That is, the measure E is an affine function on the whole
Bloch sphere,
 X
X
FIG. 1. The entanglement of a rank-2 one-root state ρ,
pi jψ i ihψ i j ¼
pi Eðjψ i iÞ; ∀ fpi ;jψ i igν−1
ð8Þ
E
i¼0 :
i

i

The evaluation of EðρÞ is thus made easy and can be carried
out exactly in any decomposition. It is particularly instructive
to consider a decomposition of ρ such that all pure states
fjψ i ig with Bloch vectors fai g (in the notation of
Theorem 1) lie on the secant plane equidistant from the root
point z; see Fig. 1. The value of EðρÞ then corresponds to the
squared distance from any of these points ai to z, according
to Eq. (4). But since this can be done for any other state
with a Bloch vector lying in the same plane, the equidistant
plane is, in fact, a plane of constant entanglement.
Let us now introduce the radial state ρc , whose vector c is
at the center of the secant plane, i.e., at the intersection
between the plane and the Bloch sphere diameter joining z
with the antipodal point z0 . The latter point corresponds to
the pure state jz0 i with maximal entanglement E on the
sphere. As ρ and ρc are on the same secant plane, one has
EðρÞ ¼ Eðρc Þ. The latter can be evaluated by exploiting
the affinity of E, Eq. (8), and taking the decomposition
ρc ¼ 12 ∥c − z0 ∥jzihzj þ 12 ∥c − z∥jz0 ihz0 j. Since EðjziÞ ¼ 0,
we finally get, for any one-root state ρ in the Bloch sphere,
the closed formula
1
EðρÞ ¼ Eðρc Þ ¼ ∥c − z∥Eðjz0 iÞ ¼ DTr ðρc ; jzihzjÞEðjz0 iÞ;
2
ð9Þ
where one recognizes the trace distance DTr ðρ; τÞ ¼
1
2 Trjρ − τj in the second expression. The connection with
Eq. (4) is made explicit by using elementary Euclidean
geometry, which yields EðρÞ ¼ Eðjψ l iÞ ¼ N∥al − z∥2 ¼
2N∥c − z∥ ¼ Eðρc Þ for any index l ∈ f0; …; ν − 1g.
Comparing this with Eq. (9), we find the value of the
normalization constant, N ¼ Eðjz0 iÞ=4.
To summarize, given two orthonormal states
m
fjϕ0 i; jϕ1 ig ∈ C2 of an m-qubit system, one can construct
a family of rank-2 mixed states ρ defined as
1
X
Bij jϕi ihϕj j;
ð10Þ
ρ¼
i;j¼0
1
2 ð1

with B ¼
þ r · σÞ, where σ ¼ ðσ x ; σ y ; σ z Þ denotes
the Pauli matrices and r ¼ rðsinθ cosφ; sinθ sinφ;cosθÞT
the Bloch vector of ρ, with 0 ≤ r ≤ 1, 0 ≤ θ ≤ π, and

with detail of an equidistant decomposition ρ ¼ pjψ 0 ihψ 0 jþ
ð1 − pÞjψ 1 ihψ 1 j, visualized on the Bloch sphere with the polar
states fjϕ0 i; jϕ1 ig being the eigenvectors of ρ. The flat shaded
surface is the plane of constant entanglement for ρ and the radial
state ρc . The coloring on the sphere corresponds to the value of
entanglement, which amounts to the distance from the root state
jzi, with red indicating vanishing entanglement and blue showing
maximum entanglement, reached on the antipodal state jz0 i. See
the text for further details.

0 ≤ φ ≤ 2π. Given now a polynomial entanglement measure
E of degree 2, then if Eðjϕ0 i þ zjϕ1 iÞ ¼ 0 has only one root
z, we say that any state ρ of Eq. (10) has the one-root property,
which implies (by Theorem 1) that its convex roof extended
entanglement measure EðρÞ is independent of the pure-state
decomposition of ρ and exactly computable via Eq. (9).
In order to present concrete examples, we begin by
investigating the concurrence C of two qubits [15], for which
general analytical expressions are known [15,16] and can be
compared with the results presented here. Visualizing Fig. 1,
we can always apply a change of basis to rotate the Bloch
sphere such that the north and south poles are occupied by the
root z and the antipodal point z0 , respectively. We can further
identify the root state jzi with the computational product state
j00i. By imposing that hzjz0 i ¼ 0 and that the concurrence
vanish only on jzi, we obtain a complete characterization of
two-qubit one-root states (up to local unitaries), specified by
the basis jϕ0 i ≡ jzi ¼ j00i and jϕ1 i≡jz0 i¼cosðγ=2Þj01iþ
sinðγ=2Þeiδ j10i, with 0 ≤ γ ≤ π, 0 ≤ δ ≤ 2π. All horizontal
planes crossing the ball are surfaces of constant concurrence.
For any two-qubit state ρ inside the sphere, defined as in
Eq. (10), the concurrence computed from Eq. (9) is CðρÞ ¼
1
1
2 j1 − hϕ0 jρjϕ0 i þ hϕ1 jρjϕ1 ijCðjϕ1 iÞ ¼ 2 ð1 − r cos θÞ sin γ,
which coincides with the known general solution from
Ref. [15].
We now focus on the case of three qubits
pﬃﬃﬃﬃ(m ¼ 3)
and adopt the square root of the three-tangle T [19,24]
as a polynomial measure of tripartite entanglement whose
explicit formula for pure states jψi ∈ C8 is provided in
Ref. [19]. Such a measure plays a prominent role in studies
of monogamy of entanglement [19,37], yet at present no
closed solution exists, in general, for its evaluation on mixed
states, beyond a few special cases [20–25]. We can readily
construct a representative family of one-root rank-2 states

070504-3

PRL 116, 070504 (2016)

PHYSICAL REVIEW LETTERS

of three qubits in a similar way as for two qubits. We take
the poles of the Bloch sphere to be, respectively, the
generalized W state jϕ0 i≡jzi¼aj001iþbj010iþcj100i,
with a2 þ b2 þ c2 ¼ 1 (where a, b, c are chosen as real
for ease of illustration), and the entangled state jϕ1 i≡
iγ
jz0 i¼gj000iþt
P 21 j011iþt2 j101iþt3 j110iþe hj111i, with
2
2
g þ h þ i ti ¼ 1, g ≥ ti , h ≥ 0, and −ðπ=2Þ ≤ γ ≤ ðπ=2Þ,
as defined in Ref. [38]. Imposing
theﬃ one-root property
pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃ
leads to h ¼ 0 and t3 ¼ ð ct1 þ bt2 Þ2 =a. We can then
write any state ρ inside the Bloch sphere as in Eq. (10),
which leads us p
toﬃﬃﬃﬃthe exact expression for the square root
of three-tangle T of ρ,
pﬃﬃﬃﬃ
pﬃﬃﬃﬃ
1
T ðρÞ¼ j1−hϕ0 jρjϕ0 iþhϕ1 jρjϕ1 ij T ðjϕ1 iÞ
2
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


 gt t  pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃ
¼  19 2 j ct1 þ bt2 jj1−rcosθj
a
pﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃ
×ja4 þ½ð ct1 þ bt2 Þ4 þa2 ðg2 þt21 þt22 Þ2 j: ð11Þ
Tripartite entanglement in this seven-parameter class of threequbit states ρ has thus been effortlessly quantified, thanks to
their one-root property and its geometric implications.
Beyond specific examples, one can wonder whether a
more systematic characterization of one-root three-qubit
states is possible, so as to gauge the relevant range of applicability of our exact results. The answer is affirmative. Notice
that every rank-2 three-qubit state ρ can be purified to a fourqubit state jΨi ∈ C16 , and that, conversely, the set of
marginals obtained by tracing out one qubit from arbitrary
four-qubit pure states jΨi completely characterizes the set of
rank-2 three-qubit states ρ. We can then aim to identify the
one-root three-qubit states in terms of their four-qubit
purifications. To this end, we recall that while pure fourqubit states have an infinite number of SLOCC-inequivalent
classes [26], that is, subsets of states which cannot be
transformed into one another by performing SLOCC operations, from the point of view of classifying their entanglement properties they can, in fact, be conveniently grouped
into nine classes [39]. Each of these classes then forms a
subset ϒμ ⊂ C16 (for μ ¼ 1; …; 9) represented by a generating family jGμ i (dependent on at most four continuous
complex parameters), such that all of the states jΨμ i ∈ ϒμ
belonging to the μth class are constructed as
jΨμ i¼LjGμ i=∥LjGμ i∥, where L ∈ SLð2;CÞ⊗4 is a
SLOCC operation. The union of all nine classes ⋃9μ¼1 ϒμ
covers the Hilbert space of all four-qubit pure states, up to
permutations of the qubits.
We now make a useful observation. When two pure
states are SLOCC equivalent, the ranges of their corresponding reduced subsystems are spanned by SLOCCequivalent bases, which means that all states in the reduced
ranges are related by an invertible linear transformation
[40]. Since, for any two SLOCC-equivalent states, the
polynomial entanglement measure E either vanishes on
both or is strictly nonzero on both [24], we find that
SLOCC operations preserve the number of zero-E states in
the ranges of the reduced subsystems. In other words, the
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number of roots in the zero polytope for the marginals of
four-qubit states is a SLOCC invariant.
It then suffices to check the marginals of the generators
jGμ i to look for the one-root property. This can be done
analytically after some straightforward algebra, and we find
as a result that four of the nine classes of four-qubit pure
states have three-qubit marginals which can enjoy the
one-root property. This, applied to each of the respective
SLOCC classes [39], characterizes completely the set of
three-qubit one-root states and entails that for all of these
rank-2 mixed states ρ, we can exactly calculate
pﬃﬃﬃﬃ the convex
roof extended entanglement measure
T thanks to
Theorem 1, which is remarkable.
Explicitly, the classes whose marginals are generally
one root are as follows: class 4 (tracing out any one of the
four qubits), class 5 (tracing out qubit 2 or qubit 4 only),
and classes 7 and 8 (tracing out qubit 2, 3, or 4 only). The
corresponding sets of three-qubit one-root states are given,
therefore, by


LjGμ ihGμ jL†
L
ρμ;k ¼ Trk
; ∀ L ∈ SLð2; CÞ⊗4 ;
TrðLjGμ ihGμ jL† Þ
8
>
< f1; 2; 3; 4g; if μ ¼ 4;
and ∀ k ∈ f2; 4g;
if μ ¼ 5;
ð12Þ
>
:
f2; 3; 4g;
if μ ¼ 7 or 8:
For completeness, we report the relevant (unnormalized)
generators: jG4 i¼aðj0000iþj1111iÞþ½ðaþbÞ=2ðj0101iþ
pﬃﬃﬃ
j1010iÞ þ ½ða−bÞ=2ðj0110i þ j1001iÞ þ ði= 2Þðj0001iþ
j0010iþj0111iþj1011iÞ≡jLab3 i,
jG5 i ¼ aðj0000iþ
j0101i þ j1010i þ j1111iÞ þ ij0001i þ j0110i − ij1011i≡
jLa4 i, jG7 i ¼ j0000i þ j0101i þ j1000i þ j1110i ≡ jL05⊕3̄ i,
jG8 i ¼ j0000i þ j1011i þ j1101i þ j1110i ≡ jL07⊕1̄ i, where
a; b ∈ C, with ReðaÞ, ReðbÞ ≥ 0, and jL• i refers to the
notation of Ref. [39]. The square root of three-tangle for all
of the states in Eq. (12) is given exactly by Eq. (9); if one
prefers, it can also be evaluated numerically in any convex
decomposition (e.g., the spectral one), with no optimization
required.
We finally note that many entanglement bounds for
convex roof extended measures will be tight on the one-root
states because of their special properties. For instance,
bounds such as the best separable approximation for two
qubits [30], the best W approximation for three qubits [31],
and the generalized best zero-E approximation [32] are
based on finding a convex decomposition for an arbitrary
state ρ in terms of states with vanishing entanglement and at
most one state with nonvanishing entanglement. However,
for one-root states, such a decomposition is possible only
in one way: that is, into a pair formed by the root jzi and
some other state jωi; hence, the entanglement of ρ is
trivially given by EðjωiÞ, with the corresponding weight.
Additionally, bounds which use methods such as the
conjugate gradient [41,42] are also guaranteed to converge
to the right value. By the Schrödinger-Hughston-JozsaWootters theorem [43,44], any two decompositions for a
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given density matrix ρ are related by applying a unitary
matrix; therefore, a typical instance of a numerical method
of this kind calculates the gradient for a given entanglement
measure on the unitary manifold and uses it to reach the
minimum in the convex roof. For one-root states, however,
any choice of the initial decomposition gives the right
entanglement value by Eq. (8), and the value of the gradient
of E on the unitary manifold can be verified (numerically)
to stay uniformly zero.
In conclusion, we have shown that every polynomial
entanglement measure E of degree 2 is affine for any rank-2
state ρ for which there is only one pure state jzi in the range
of ρ such that EðjziÞ ¼ 0. This renders calculating the
convex roof of E trivially easy in any such case, as the
entanglement of ρ does not depend on its pure-state
decomposition. The method applies to many significant
mixed states which did not enjoy known formulas before,
as is the case for the three-tangle of the marginals of several
classes of four-qubit pure states.
The results of Theorem 1 can be used for the evaluation
of various polynomial generalizations of the tangle in four
and more qubits [45,46] whose states obey the one-root
property; explicit instances can be readily constructed in
analogy to the ones reported here for two and three qubits.
Moreover, the geometric approach presented herein is rather
powerful and is applicable also to higher-dimensional
systems using a generalized Bloch vector approach [47],
although the properties of the complex polynomials encountered in the definition of the entanglement measures do not
seem to allow for a simple generalization of the concept of
one-root states. A possible extension of this work would be
to find classes of qudit states with equivalent properties,
which might lead us to accomplish an even more comprehensive study of multipartite entanglement.
We thank the European Research Council (ERC)
Starting Grant GQCOP (Grant No. 637352) for the financial support. We acknowledge our fruitful discussions with
J. Louko, A. Streltsov, A. Winter, W. K. Wootters, and
especially K. Macieszczak.

[1] R. Horodecki, P. Horodecki, M. Horodecki, and K.
Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[2] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev. Mod.
Phys. 80, 517 (2008).
[3] W. K. Wootters, Phil. Trans. R. Soc. A 356, 1717 (1998).
[4] M. Piani and J. Watrous, Phys. Rev. Lett. 102, 250501 (2009).
[5] S. Boixo and A. Monras, Phys. Rev. Lett. 100, 100503 (2008).
[6] C. Eltschka and J. Siewert, J. Phys. A 47, 424005 (2014).
[7] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,
Phys. Rev. Lett. 78, 2275 (1997).
[8] M. B.PlenioandS.Virmani,QuantumInf.Comput.7,1(2007).
[9] A. Uhlmann, Open Syst. Inf. Dyn. 5, 209 (1998).
[10] A. Uhlmann, Entropy 12, 1799 (2010).
[11] G. Vidal, J. Mod. Opt. 47, 355 (2000).
[12] L. Gurvits, in Proceedings of the 35th Annual ACM
Symposium on Theory of Computing, San Diego, 2003
(ACM, New York, 2003), p. 10.
[13] Y. Huang, New J. Phys. 16, 033027 (2014).

week ending
19 FEBRUARY 2016

[14] G. Tóth, T. Moroder, and O. Gühne, Phys. Rev. Lett. 114,
160501 (2015).
[15] S. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022 (1997).
[16] W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998).
[17] B. M. Terhal and K. G. H. Vollbrecht, Phys. Rev. Lett. 85,
2625 (2000).
[18] G. Giedke, M. M. Wolf, O. Krüger, R. F. Werner, and J. I.
Cirac, Phys. Rev. Lett. 91, 107901 (2003).
[19] V. Coffman, J. Kundu, and W. K. Wootters, Phys. Rev. A 61,
052306 (2000).
[20] R. Lohmayer, A. Osterloh, J. Siewert, and A. Uhlmann,
Phys. Rev. Lett. 97, 260502 (2006).
[21] C. Eltschka, A. Osterloh, J. Siewert, and A. Uhlmann, New
J. Phys. 10, 043014 (2008).
[22] E. Jung, M.-R. Hwang, D. K. Park, and J.-W. Son, Phys.
Rev. A 79, 024306 (2009).
[23] J. Siewert and C. Eltschka, Phys. Rev. Lett. 108, 230502 (2012).
[24] O. Viehmann, C. Eltschka, and J. Siewert, Appl. Phys. B
106, 533 (2012).
[25] C. Eltschka and J. Siewert, Sci. Rep. 2, 942 (2012).
[26] W. Dür, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314
(2000).
[27] F. Verstraete, J. Dehaene, and B. De Moor, Phys. Rev. A 68,
012103 (2003).
[28] C. Eltschka, T. Bastin, A. Osterloh, and J. Siewert, Phys.
Rev. A 85, 022301 (2012).
[29] A. Osterloh, J. Siewert, and A. Uhlmann, Phys. Rev. A 77,
032310 (2008).
[30] M. Lewenstein and A. Sanpera, Phys. Rev. Lett. 80, 2261
(1998).
[31] A. Acín, D. Bruß, M. Lewenstein, and A. Sanpera, Phys.
Rev. Lett. 87, 040401 (2001).
[32] S. Rodriques, N. Datta, and P. Love, Phys. Rev. A 90,
012340 (2014).
[33] I. Bengtsson and K. Życzkowski, Geometry of Quantum
States: An Introduction to Quantum Entanglement
(Cambridge University Press, Cambridge, England, 2007).
[34] S. Jevtic, M. Pusey, D. Jennings, and T. Rudolph, Phys. Rev.
Lett. 113, 020402 (2014).
[35] A. Milne, S. Jevtic, D. Jennings, H. Wiseman, and T.
Rudolph, New J. Phys. 16, 083017 (2014).
[36] M. Berger, Geometry I (Springer, New York, 1987).
[37] B. Regula, S. Di Martino, S. Lee, and G. Adesso, Phys. Rev.
Lett. 113, 110501 (2014).
[38] S. Tamaryan, T.-C. Wei, and D. K. Park, Phys. Rev. A 80,
052315 (2009).
[39] F. Verstraete, J. Dehaene, B. De Moor, and H. Verschelde,
Phys. Rev. A 65, 052112 (2002).
[40] L. Chen and Y.-X. Chen, Phys. Rev. A 73, 052310 (2006);
74, 062310 (2006).
[41] K. Audenaert, F. Verstraete, and B. De Moor, Phys. Rev. A
64, 052304 (2001).
[42] B. Röthlisberger, J. Lehmann, and D. Loss, Phys. Rev. A 80,
042301 (2009).
[43] E. Schrödinger, Math. Proc. Cambridge Philos. Soc. 32, 446
(1936).
[44] L. P. Hughston, R. Jozsa, and W. K. Wootters, Phys. Lett. A
183, 14 (1993).
[45] A. Osterloh and J. Siewert, Phys. Rev. A 72, 012337 (2005).
[46] G. Gour and N. R. Wallach, J. Math. Phys. (N.Y.) 51,
112201 (2010).
[47] G. Kimura, Phys. Lett. A 314, 339 (2003).

070504-5

