PHYSICAL REVIEW LETTERS 126, 110403 (2021)

Operational Quantification of Continuous-Variable Quantum Resources
1

Bartosz Regula ,1,* Ludovico Lami ,2,† Giovanni Ferrari ,3,2 and Ryuji Takagi

4,1

School of Physical and Mathematical Sciences, Nanyang Technological University, 637371, Singapore
Institut für Theoretische Physik und IQST, Universität Ulm, Albert-Einstein-Allee 11, D-89069 Ulm, Germany
3
Dipartimento di Fisica e Astronomia Galileo Galilei, Università degli studi di Padova, via Marzolo 8, 35131 Padova, Italy
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The diverse range of resources which underlie the utility of quantum states in practical tasks motivates
the development of universally applicable methods to measure and compare resources of different types.
However, many of such approaches were hitherto limited to the finite-dimensional setting or were not
connected with operational tasks. We overcome this by introducing a general method of quantifying
resources for continuous-variable quantum systems based on the robustness measure, applicable to a
plethora of physically relevant resources such as optical nonclassicality, entanglement, genuine nonGaussianity, and coherence. We demonstrate in particular that the measure has a direct operational
interpretation as the advantage enabled by a given state in a class of channel discrimination tasks. We show
that the robustness constitutes a well-behaved, bona fide resource quantifier in any convex resource theory,
contrary to a related negativity-based measure known as the standard robustness. Furthermore, we show the
robustness to be directly observable—it can be computed as the expectation value of a single witness
operator—and establish general methods for evaluating the measure. Explicitly applying our results to the
relevant resources, we demonstrate the exact computability of the robustness for several classes of states.
DOI: 10.1103/PhysRevLett.126.110403

As quantum technologies begin to outperform classical
ones in a number of practical applications [1,2], it becomes
crucial to precisely and efficiently characterize the advantages enabled by quantum mechanics. Depending on the
particular task, different properties of quantum systems can
be understood as the source of quantum advantages—e.g.,
nonclassicality in quantum optics [3], entanglement in
communication scenarios [4], non-Gaussianity in quantum
computation [5–7]. This motivates a unified description of
all such phenomena, allowing for the development of
broadly applicable methods to characterize and quantify
the various resources. The framework of quantum resource
theories was thus conceived to understand such physical
properties within a common formalism [8–11], which has
led to many developments in the understanding of general
classes of resources [12–29].
Although successful in describing finite-dimensional
quantum theory, the commonly employed tools of quantum
resource theories do not readily generalize to the infinitedimensional setting. Exceptions to this rule typically only
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pertain to severely restricted frameworks such as the
Gaussian one [17,30,31]. Such limitations make the methods inapplicable to general continuous-variable quantum
systems, which are the cornerstone of many quantum
technologies of fundamental importance [3,5,32,33]. This
necessitated the development of resource-specific and
mutually incompatible approaches to continuous-variable
resources [34–48], which obscures the connections and
common features between resources of different types. In
particular, one of the key applications of resource-theoretic
concepts is to quantify the advantages that a resource can
provide in practical tasks, but many resource measures
defined in an abstract or ad hoc manner lack such an
operational meaning.
In this work, we address the need for a general approach
to continuous-variable resource quantification by introducing the robustness as a universal and operationally relevant
measure. Inspired by a measure of entanglement [49] which
later found use in a range of discrete-variable settings
[15,16,18,20,22,25,27,50,51], the application of this quantifier to infinite-dimensional resources was hindered by the
technical issues associated with infinite-dimensional
spaces. We introduce an extension of the robustness to
the continuous-variable setting, showing that it yields a
valid and faithful resource monotone in any infinitedimensional convex resource theory. Crucially, we show
that the robustness exactly quantifies the advantage enabled
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by a given resource state in a class of channel discrimination tasks, thus endowing the quantifier with a direct
operational interpretation. We establish accessible bounds
and expressions for the robustness, in particular showing
that it can always be evaluated by measuring a suitably
chosen quantum observable. We compare the robustness to
another measure commonly used in finite-dimensional
theories, the so-called standard robustness [49], and show
that the latter often fails to be a meaningful resource
quantifier in infinite dimensions—notably, for entanglement and nonclassicality theories—highlighting our measure as a well-behaved continuous-variable monotone. To
demonstrate the versatility of our framework and connect
the results with physically relevant resources, we consider
applications of our results to the resource theories of
nonclassicality, entanglement, and coherence. We evaluate
the robustness exactly for several classes of states in these
theories, including Fock states and squeezed states as
representative nonclassical states, and all pure entangled
states.
We present a self-contained discussion of our methods
and results below. The full technical details and additional
developments are deferred to the companion paper [52],
where we consider the problem of quantifying infinitedimensional resources from a broader perspective of general probabilistic theories, extending the concepts discussed
herein.
General resource theories.—The setting of our work will
be an infinite-dimensional separable Hilbert space H. We
use BðHÞ to denote the space of bounded linear operators
on H, and DðHÞ for the set of density operators. When
discussing sequences of states or operators, we use the
topology induced by the trace norm k · k1 .
A resource theory is a general framework describing the
manipulation of quantum states under some physically
motivated restrictions on the allowed operations [11]. In
such a setting, only the states and channels from a certain
set—termed free—are freely available as they carry no
resource, while states and operations outside of the designated set are resourceful and thus costly to use. The
paradigmatic example of a resource theory is entanglement
[4], where separable states together with local operations
and classical communication (LOCC) are free.
We will now consider a general resource-theoretic setting.
So as to ensure the broadest applicability of our results, we
will only make two intuitive assumptions about the set of free
states F ⊆ DðHÞ. First, we take F to be closed, that is, a
sequence of free states cannot converge to a resourceful state,
since the outcomes of experiments should be consistent under
limits. Second, we assume F to be convex, i.e., no resource
can be generated by probabilistically mixing free states. From
an operational point of view as a resource, even if a set of
interest is not convex (e.g., the set of all Gaussian states), the
convex combinations of such states can often also be taken to
be free [46,47], making convexity a natural property of

operational quantum resources. Thus, all of the fundamental
continuous-variable resource theories such as entanglement,
nonclassicality, genuine (convex) non-Gaussianity, and
coherence can be described in our framework.
Similarly, we only make the weakest possible
assumption on the allowed set of free operations; namely,
that a free state remains free under the action of a free
transformation. All choices of free operations—be it
classical processes [53,54] or linear optical transformations
[39,40] in the theory of nonclassicality, LOCC or nonentangling operations [55] in entanglement theory [4], or
any other physical class of resource transformations—are
thus encompassed in this framework.
Operational resource quantifier.—A resource theory, as
defined in the previous section, is a purely abstract concept.
A natural question then arises of whether any theory defined
in this way truly represents a “resource”—that is, does any
state ρ ∉ F provide a practical advantage over the resourceless states in F ? It was shown in Ref. [18] that it is indeed the
case, and all resources can be useful in channel discrimination tasks. Such tasks are fundamental to the operational
description of quantum states [56,57] and underlie practical
applications such as quantum illumination [58,59] and
sensing [60]. However, the quantitative methods used to
study discrimination problems [18,61,62] are limited to
finite dimensions, and it is not a priori clear how to measure
the advantages provided by continuous-variable resources.
Here, we will introduce an operational resource quantifier
which precisely benchmarks the maximal advantage facilitated by a given resource in discrimination tasks.
In order to measure and compare the resource content of
states, we employ the concept of robustness measures [49],
which quantify how much noise is required to destroy the
resources contained in a given state. Specifically, in finitedimensional theories, the (generalized) robustness is
defined as

RF ðρÞ ≔ inf

λ∈Rþ



 ρ þ λτ
∈ F ; τ ∈ DðHÞ
ð1Þ
1 þ λ 
1þλ

which corresponds to the least coefficient such that the
mixture of ρ with a noise state τ becomes a free state. We
note that this definition differs by a term þ1 from the
original notation of Ref. [49], a choice we made for
mathematical convenience. In order to ensure full generality in infinite dimensions, we will additionally allow
optimization over all sequences of operators fξk gk ∈
BðHÞ which converge to the given state ρ. We thus take
our definition of the robustness to be


 ξ þ λτk
1 þ λ  k
∈ F ; τk ∈ DðHÞ;
λ∈Rþ
1þλ

fξk gk → ρ :

RF ðρÞ ≔ inf
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Despite the seemingly more complicated form, we will
shortly show that there are many efficient ways to bound
and compute this measure. In many of the practically
relevant resource theories such as nonclassicality and
entanglement, we show that RF ðρÞ ¼ RF ðρÞ, meaning that
the optimization over sequences is not necessary. We invite
the interested reader to Ref. [52] for a discussion of the
technical issues concerning the definition of robustness in
infinite dimensions.
In the task of channel discrimination, a channel is
randomly selected from an ensemble fpi ; Λi g of quantum
channels Λi with corresponding probabilities pi . After
sending a chosen state ρ through the channel, the player is
then tasked with determining which of the channels fΛi g was
applied by performing a measurement of the output state.
By the Born rule, the average probability of successful
discrimination with a positive operator-valued measure
(POVM)
fM i g is then given by psucc ðρ; fpi ; Λi g; fMi gÞ ¼
P
p
Tr½M
i
i Λi ðρÞ. For simplicity, we will use T ¼
i
ffpi ; Λi g; fMi gg to denote a given discrimination task.
In order to directly quantify the advantage provided
by a given state ρ, we then ask: all else being equal, how
much better can the player perform in the given task by
using the state ρ instead of a free state σ ∈ F ? We show that
the maximal such advantage is given precisely by the
robustness.
Theorem 1.—For any state ρ ∈ DðHÞ, it holds that
sup
T

psucc ðρ; T Þ
¼ RF ðρÞ;
supσ∈F psucc ðσ; T Þ

ð3Þ

where the maximization is over all discrimination
tasks T ¼ ffpi ; Λi g; fMi gg, i.e., all channel ensembles
fpi ; Λi gni¼1 and POVMs fMi gni¼1 with n arbitrary. As long
as RF ðρÞ < ∞, there exists a discrimination task with
n ¼ 2 which achieves this supremum.
The proof employs the theory of optimization in Banach
spaces [63,64] to relate the robustness with an optimization
of quantum observables, establishing a convex duality
relation which provides a new extension of approaches
used in finite-dimensional theories.
We have thus shown a direct operational meaning for the
robustness RF in any convex quantum resource theory.
The implications of Theorem 1 for particular tasks, such
as phase discrimination [51], were already known. The
merit of our result is to demonstrate the generality of this
approach, which carries over to continuous-variable resource theories. Further extensions and applications of
Theorem 1 are described in Ref. [52].
Robustness as a resource monotone.—For a function
M∶DðHÞ → Rþ ∪ f∞g to be considered a meaningful
resource quantifier, it is generally required to satisfy several
properties [11]. The most important is monotonicity, that is,
M(ΦðρÞ) ≤ MðρÞ under the action of a free operation Φ.
A stronger type of monotonicity is often imposed, ensuring

that the measure cannot increase on average in probabilistic
transformations [65]. Another feature is the faithfulness of
the measure, that is, the property that MðρÞ achieves its
minimal value if and only if ρ ∈ F , which is necessary to
precisely delineate the resource character of quantum states
in consideration.
As our next result, we then show that the robustness is a
valid resource monotone in any convex resource theory. To
demonstrate the strongest type of monotonicity, we model
probabilistic transformations in the general formalism of
quantum instruments [66], i.e., as a collection of completely positive maps (subchannels) fΦi gi which map ρ to
Φi ðρÞ with correspondingPprobability pi ¼ Tr Φi ðρÞ and
the overall transformation i Φi is trace preserving. A free
instrument then satisfies Φi ðσÞ ∝ σ 0 ∈ F for all σ ∈ F .
Theorem 2.—The robustness RF is (i) convex; (ii) faithful, i.e., RF ðρÞ ¼ 1 if and only if ρ ∈ F ; (iii) monotonic
on average under probabilistic free operations—that is,
for any free instrument fΦi gi , it holds that RF ðρÞ ≥
P
i pi RF (Φi ðρÞ=pi ).
Together with Theorem 1, the faithfulness of the robustness implies that any state ρ ∉ F provides an advantage
over all σ ∈ F in a practical task of channel discrimination,
recovering a result of Ref. [18]. Such advantages are often
nontrivial to show, owing to the existence of so-called
bound resources [46,67–71] which provide no advantage in
certain tasks. Although measures such as the entanglement
negativity [72] or Wigner negativity [36] can be easier to
compute than RF , they fail to detect the resources of such
bound states.
If the noise state τ in the definition of RF [Eq. (1)] is
constrained to be a free state, it gives a related resource
measure known as the standard robustness [49,73]:



 ρ þ λσ
s

RF ðρÞ ≔ inf 1 þ λ 
∈ F; σ ∈ F ;
ð4Þ
1þλ
which corresponds to the negative part of a linear decomposition of ρ into free states, generalizing the notion of
negativity [72]. A problem concerning the quantification of
continuous-variable resources is that the existence of infinitely resourceful states with respect to certain tasks is a
physical possibility [41,74]. However, a meaningful quantifier should not yield an infinite value for states which are not
infinitely resourceful. We will shortly see that the standard
robustness often suffers from this problem—that is, in several
resource theories there exist classes of states for which
RF ðρÞ < ∞ ¼ RsF ðρÞ, making RsF useless for benchmarking
the resources of such states. The generalized robustness RF is
therefore more suited to be a universal resource quantifier,
which is why we do not discuss the quantity RsF in detail.
Evaluating the robustness.—It will be useful to express
the robustness in its dual form. Although frequently
employed in finite-dimensional resource theories [16,
18–20,75], convex duality has seen few applications in
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infinite-dimensional quantum information. We establish a
general expression for the robustness, providing a nontrivial extension of methods and results that have only been
obtained in finite-dimensional cases [16,75].
Theorem 3.—For any state, the robustness can be
computed as
RF ðρÞ ¼ supfTrðWρÞ j W ∈ BðHÞ; W ≥ 0;
TrðWσÞ ≤ 1 ∀ σ ∈ F g;

ð5Þ

and the supremum is achieved as long as it is finite.
The result of Theorem 3 shows in particular that the
robustness is directly observable in experiments without the
need for state tomography, as it can be evaluated by
computing the expectation value of a suitably chosen
quantum observable. Indeed, we can understand the feasible solutions W to Eq. (5) as resource witnesses [76]
which can detect and certify the resourcefulness of states—
for any ρ ∉ F, there exists a witness such that TrðWσÞ ≤
1 ∀ σ ∈ F but TrðWρÞ > 1. Any resource witness provides
an accessible lower bound for the robustness, and crucially,
we can always find a witness which achieves the optimum.
We obtain several general bounds to the robustness [52],
a particularly useful one being as follows.
Lemma 4.—For any pure state, we have
inf hψjσjψi

σ∈F

−1

−1

≤ RF ðψÞ ≤ inf hψjσ jψi:
σ∈F

ð6Þ

Here, hψjσ −1 jψi ¼ kσ −1=2 jψik2 , and the infimum is
restricted to states such that jψi lies in the domain of
σ −1=2 [77]. Lemma 4 gives computationally useful methods
to bound the robustness in both directions. We proceed by
explicitly applying our results in important resource theories. In all of the examples considered below, we can show
that RF ðρÞ ¼ RF ðρÞ [52].
Nonclassicality.—Nonclassicality is a fundamental continuous-variable resource concerned with exploiting the
truly quantum properties of light [3,78,79]. Its quantification attracted significant attention [34–40,53,80–84] and
recently it was formalized as a resource theory [39,40].
Let us then consider the quantum theory of a single
harmonic oscillator (an extension to multiple modes being
straightforward). The free states here are the so-called
classical states [78,79]:
pﬃﬃﬃﬃﬃ defining the coherent states jαi ≔
P∞
−jαj2 =2
n
e
n¼0 ðα = n!Þjni where jni denotes the nth Fock
state, we have that F ¼ C ≔ cl convfjαihαjjα ∈ Cg where
cl conv denotes closed convex hull, and any state outside of
this set is nonclassical [85]. Notable examples of nonclassical states include the Fock states themselves, the
2
†2
squeezed states jζr i ¼ erða −a Þ=2 j0i, and the Schrödinger
cat states jα i ∝ jαi  j−αi.
We will first show that the standard robustness of
nonclassicality, RsC , is infinite for a large class of pure
states in this resource theory, effectively rendering the

measure useless in discerning the resourcefulness of
different states [86]. To this end, we establish a lower
bound as RsC ðρÞ ≥ 12 ðsupα∈C jχ ρ1 ðαÞj þ 1Þ, where χ ρ1 ðαÞ ≔
2
†

ejαj =2 Tr½ρeαa −α a  denotes the normally ordered characteristic function. Hence, any state with unbounded χ ρ1 necessarily has infinite standard robustness—we show that this
comprises most physically accessible classes of nonclassical states including finite superpositions of Fock states,
squeezed states, cat states, and nonclassical Gaussian
states.
Conversely, we will show that the generalized robustness
RC is a well-behaved quantifier. For Fock states jni, we find
that the lower and upper bounds from Lemma 4 coincide
by employing
coherent state σ n ¼
R pﬃﬃﬃ a phase-randomized
pﬃﬃﬃ
ð1=2πÞ 02π j neiθ ih neiθ jdθ, giving
RC ðjnihnjÞ ¼ en

n!
:
nn

ð7Þ

For squeezed states jζ r i, an application of Lemma 4 with a
construction P
of an ansatz based on the thermal state τN ≔
n
½1=ðN þ 1Þ ∞
n¼0 ½N=ðN þ 1Þ jnihnj gives
RC ðζ r Þ ¼ er

ð8Þ

for any r ≥ 0. For cat states jα i with α ≥ 0, Lemma 4
2
gives an upper bound of RC ðα Þ ≤ 2ð1  e−2α Þ−1 , which
can be numerically verified to be tight for jαþ i [52].
The corresponding lower bound gives RC ðα Þ → 2 as α
increases. A similar approach can be applied to give
bounds for single-photon-added or single-photon-subtracted squeezed states. We thus see that the robustness
RC is not only finite, but can in fact be efficiently computed
in many relevant instances.
Entanglement.—Entanglement underlies many of the
nonlocal features of quantum mechanics and has found
use in a variety of continuous-variable settings [3,4,4,42].
The resource theory of entanglement is defined in a
bipartite Hilbert space H ¼ HA ⊗ HB , where the free states
are the separable states F ¼ S ≔ cl convfjψihψjjjψi ¼
jψ A i ⊗ jψ B ig [87].
We will again show that there exists an example of
a state such that the standard robustness RsS is infinite, while
the generalized robustness RS remains a well-behaved
quantifier. To our knowledge, no explicit state having
different values of the two measures has been presented
before, even in finite dimensions. We will establish an
even stronger result by showing that the entanglement
negativity—a quantifier commonly employed in practical
settings—is also infinite for this state. Recall that the
negativity is defined as 12 ðkρΓ k1 − 1Þ [72], where ρΓ is a
partial transpose of ρ. To construct our ansatz, we
employ the Hilbert operator H−1 ∈ BðHA Þ [88–90]
whose matrix elements ðH −1 Þn;m (n, m ≥ 1) are given by
0 if n ¼ m or 1=ðn − mÞ otherwise, and define the
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single-party states ω ≔ 1c Dð1  π1 H−1 ÞD, where D ≔
P∞
pﬃﬃﬃ
n¼1 f1=½ n lnðn þ 1Þgjnihnj and c is a normalization
constant.
Constructing now the bipartite states ρ ≔
P∞
Γ
ðω
 Þn;m jnnihmmj, we compute kρ k1 ¼∞ [52,90].
n;m¼1
Since the negativity lower bounds the standard robustness
RsS [72], we get RsS ðρ Þ ¼ ∞. However, 12 ðρþ þ ρ− Þ is a
separable state, hence RS ðρ Þ ≤ 2.
We now consider the case of general pure states.
Applying the dual characterization in Theorem 3 and
adapting an argument of Ref. [49], we show that the
finite-dimensional formula for the robustness [49,50,91]
generalizes to infinite
dimensions. Specifically,
P
P∞ it holds
2
that RS ðψÞ ¼ ð ∞
μ
Þ
,
where
jψi
¼
n¼1 n
n¼1 μn jnni
(with μn ≥ 0) is the Schmidt decomposition of the given
state. This shows that the robustness of a pure state is finite
if and only if the sum of the Schmidt coefficients converges.
Interestingly, for a two-mode squeezed vacuum state jνr i
we get RS ðνr Þ ¼ er , which equals the nonclassicality of the
single-mode squeezed state jζ r i.
Coherence.—The resource theory of quantum coherence
(not to be confused with coherent states in the theory of
nonclassicality) is concerned with quantifying superposition in an orthonormal basis of the Hilbert space [45,92,93],
e.g., the Fock basis fjnig∞
n¼1 . All diagonal states F ¼ I ≔
cl convfjnihnjg∞
n¼1 are considered free.
An extension of our argument for entanglement theory
can
P∞ be used to show that, for any pure state1 jψi ¼
RI ðψÞ equals the l norm
n¼1 ψ n jni,
P the robustness
2
kψkl1 ¼ ð ∞
jψ
jÞ
.
However,
RI is in general smaller
n
n¼1
than the l1 norm, and this difference can be arbitrarily
large—for the states ω that we considered in our discussion of entanglement, it holds that RI ðω Þ ≤ 2 but
kω kl1 ¼ ∞. This once again shows that the robustness
can be a more well-behaved quantifier than other common
measures.
Other resources.—We stress that our results are readily
applicable to any other convex resource theory. In the
companion paper [52], we present an explicit application of
our methods to genuine non-Gaussianity [46,47]. We
further provide additional results and extensions, including
general criteria for the strong duality RF ðρÞ ¼ RF ðρÞ to
hold, as well as a connection between the robustness and a
class of norm-based measures [94] which generalizes the
relation with the l1 norm [16,27,50,62,91,95].
Discussion.—We introduced the generalized robustness
as an operational measure of general convex quantum
resources in infinite dimensions. We showed in particular
that it exactly quantifies the advantage provided by a given
resource state in a class of operational discrimination tasks,
directly relating the measure with the practical exploitation
of quantum resources. We established methods for lower
and upper bounding the robustness, showing them to be
tight in many cases and in general providing theoretically
and experimentally accessible ways of evaluating the

measure. Finally, we showcased the broad applicability
of the quantifier by explicitly applying it to characterize the
theories of nonclassicality, entanglement, and coherence.
The results provide accessible methods for benchmarking
the diverse resources which underlie technological applications, facilitating their operational description.
Our work opens an avenue for the study of operational
aspects of general continuous-variable quantum resources.
Furthermore, the applications of a similar formalism to
finite-dimensional quantum channels [20,96–101] and
measurements [19,20,102,103] suggest that analogous
extensions could be possible in infinite dimensions, with
the first steps already taken in Ref. [104].
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Note added.—Recently, we became aware of Ref. [105],
where a related robustness-based approach to continuousvariable resource quantification is considered using a
complementary set of methods which rely on the construction of finite-dimensional approximations to infinitedimensional measures.
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